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Abstract. L (Logarithmic space) versus NL (Non-deterministic logarithmic space) is one of the great open 
problems in computational complexity theory. In the paper "Bounds on monotone switching networks for 
directed connectivity", we separated monotone analogues of L and NL using a model called the switching net- 
work model. In particular, by considering inputs consisting of just a path and isolated vertices, we proved that 
any monotone switching network solving directed connectivity on A'^ vertices must have size at least A^^''^'^" 
and this bound is tight. 

If we could show a similar result for general switching networks solving directed connectivity, then this would 
prove that L 7^ NL. However, proving lower bounds for general switching networks solving directed connec- 
tivity requires proving stronger lower bounds on monotone switching networks for directed connectivity. To 
work towards this goal, we investigated a different set of inputs which we believed to be hard for monotone 
switching networks to solve and attempted to prove similar lower size bounds. Instead, we found that this set 
of inputs is actually easy for monotone switching networks for directed connectivity to solve, yet if we restrict 
ourselves to certain-knowledge switching networks, which are a simple and intuitive subclass of monotone 
switching networks for directed connectivity, then these inputs are indeed hard to solve. 

In this paper, we give this set of inputs, demonstrate a "weird" polynomially-sized monotone switching net- 
work for directed coimectivity which solves this set of inputs, and prove that no polynomially-sized certain- 
knowledge switching network can solve this set of inputs, thus proving that monotone switching networks for 
directed connectivity are strictly more powerful than certain-knowledge switching networks. 
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1. Introduction 



L versus NL, the problem of whether non-determinism helps in logarithmic space bounded computation, 
is a longstanding open question in computational complexity. At present, only a few results are known. It 
is known that the problem is equivalent to the question of whether there is a log-space algorithm for the 
directed connectivity problem, namely given an vertex directed graph G and pair of vertices s, t, find out 
if there is a directed path from s to f in G. In 1970, Savitch |8] gave an 0(log2 N) -space deterministic 
algorithm for directed connectivity, thus proving that N SPAGE{g{n)) C DSPAGE{{g{n)'^)) for every 
space constructable function g. In 1987 and 1988, Immerman [2] and Szelepcsenyi [9J independently gave 
an 0(log A^)-space non-deterministic algorithm for directed non-connectivity, thus proving that NL = co- 
NL. For the problem of undirected connectivity (i.e. where the input graph G is undirected), a probabilistic 
algorithm was shown in 1979 using random walks by Aleliunas, Karp, Lipton, Lovasz, and Rackoff fJ], 
and in 2005, Reingold 17] gave a deterministic O (log A^) -space algorithm for the same problem, showing 
that undirected connectivity is in L. Trifonov flOl independently gave an 0(lg A^lglg A^) algorithm for 
undirected connectivity. 

In terms of monotone computation, in 1988 Karchmer and Wigderson 131 showed that any monotone circuit 
solving undirected connectivity has depth at least r2((lg A^)^), thus proving that undirected connectivity is 
not in monotone- A^C^ and separating monotone- A^C^ and monotone- A^C^ . In 1997 Raz and McKenzie lU 
proved that monotone- A^C ^ monotone-P and for any i, monotone- A^C* / monotone- A^C*^^. 
Potechin [4J separated monotone analogues of L and NL using the switching network model, described in 
|[6]| . In particular, Potechin lH proved that any monotone switching network solving directed connectivity 
on A^ vertices must have size at least A^^('s(^)) and this bound is tight. To do this, Potechin [T] first proved 
the result for certain-knowledge switching networks, which are a simple and intuitive subclass of monotone 
switching networks for directed connectivity. Potechin [4J then proved the result for all monotone switch- 
ing networks solving directed connectivity using Fourier analysis and a partial reduction from monotone 
switching networks for directed connectivity to certain-knowledge switching networks. 
However, proving good non-monotone bounds requires proving stronger lower bounds on monotone switch- 
ing networks for directed connectivity. The reason is that Potechin lH obtained the above results by con- 
sidering inputs consisting of just a path and isolated vertices, which are the hardest inputs for monotone 
algorithms to solve but which are easy for non-monotone algorithms to solve. To obtain lower bounds 
on general switching networks for directed connectivity, we must consider different inputs, and a lower size 
bound on all switching networks for directed connectivity solving these inputs implies the same lower bound 
on all monotone switching networks solving these inputs. 

In this paper, we consider a set of inputs which we originally thought were hard for monotone switching 
networks to solve. Instead, we show that there is a monotone switching network for directed connectivity of 
polynomial size which solves these inputs, but any certain-knowldge switching network solving these inputs 
must have super-polynomial size. Thus, monotone switching networks for directed connectivity are strictly 
more powerful than certain-knowledge switching networks. 

To properly state these results, we must first recall some definitions from Potechin |@1 and introduce a few 
new definitions. These definitions will be used throughout the paper. 

1.1. Definitions. 

Definition 1.1. A switching network for directed connectivity on a set V{G) of vertices with distinguished 
vertices s,t is a tuple < G' , s' , t' , fi' > where G' is an undirected multi-graph with distinguished vertices 
s',t' and n' is a labeling function such that each edge e' € E{G') has a label of the form vi — )• V2 or 
-i(wi — > V2) for some vertices vi^V2 € V(G). 

We say that such a switching network is a switching network for directed connectivity on N vertices, where 
N = \V{G)\, and we take its size to be \ V{G')\. A switching network for directed connectivity is monotone 
if it has no labels of the form -i(ui — )■ V2)- 
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Figure 1 . In this figure, we liave a monotone switcliing network tliat solves directed con- 
nectivity on V{G) = {s,t,a,b}. There is a path from s' to t' in G' whose labels are 
consistent with the input graph G if and only if there is a path from s to t in G. For exam- 
ple, if we have the edges s ^ a, a ^ b, and 6 ^ i in G, so there is a path from s to i in 
G, then in G', starting from s', we can take the edge labeled s ^ a, then the edge labeled 
a ^ b, then the edge labeled s — >■ a, and finally the edge labeled 6 — > t, and we will reach 
t'. If in G we have the edges s ^ a, a ^ b, b ^ a, and s — 6 and no other edges, so there 
is no path from s to t, then in G' there is no edge that we can take to t', so there is no path 
from s' to t'. 

Definition 1.2. We say a switching network G' for directed connectivity on a set of vertices V{G) accepts 
an input graph G if there is a path P' in G' from s' to t' whose edges are all consistent with the input graph 
G (i.e. of the form efor some edge e G E{G) or -^efor some e ^ E(G)). 

We say a switching network for directed connectivity is sound if it does not accept any input graphs G on 

the set of vertices V{G) which do not have a path from s to t. 

We say a switching network for directed connectivity is complete if it accepts all input graphs G on the set 
of vertices V{G) which have a path from s to t. 

IfG' is a switching network for directed connectivity on a set of vertices V{G), then we say that G' solves 
directed connectivity on V{G) ifG' is both complete and sound. 

Definition 1.3. Given a nonempty set I of input graphs G on a set of vertices V{G) with distinguished 
vertices s, t, let I a he the set of input graphs in I which contain a path from s to t and let be the set of 
input graphs in I which do not contain a path from s to t. If I a <^nd Ir ^ 0, we say that a switching 
network G' for directed connectivity on V{G) solves the set of inputs I ifG' accepts all G & Ia and G' does 
not accept any G G Ir. If Ir = ^, we say that a switching network G' for directed connectivity on V{G) 
solves the set of inputs I = Ia ifG' is sound and G' accepts all G € I a- If Ia = ^, we say that a switching 
network G' for directed connectivity on V{G) solves the set of inputs I = Ir ifG' is complete and G' does 
not accept any G G Ir. 

Proposition 1.4. IfG' is a switching network for directed connectivity on a set of vertices V{G), then G' 
solves directed connectivity on V{G) if and only ifG' solves the set I of all possible input graphs G on the 
set of vertices V{G). 

In this paper, we will consider monotone switching networks G' for directed connectivity which solve a set 
of inputs / = Ui{Gi} where each input graph Gi contains a path from s to t. Thus, in this paper we will 
only consider sound monotone switching networks for directed connectivity, but these switching networks 
may not be complete. 

We now define the difficulty of a set of inputs for monotone switching networks for directed connectivity. 

2 



Figure 2. In this figure, we liave a monotone switcliing network G' for directed connec- 
tivity on V{G) = {s, t, a, b}. C accepts an input grapli G if and only if G eitlier lias the 
edges s — )• a and a — )• t or has the edges s ^ h and 6 — )• t and at least one of the edges 
s — )• a, a ^ t. Thus, G' is sound but not complete. 

Definition 1.5. Given a non-empty set of inputs I of input graphs with vertex set V{G), let M{I) be the 
size of the smallest monotone switching network for directed connectivity on V{G) which solves the set of 
inputs I. 

In this paper, we will consider families of inputs Z = {/„} where for each n, I„ consists of input graphs on 
n vertices. 

Definition 1.6. We say a family of sets of inputs X = {In} is easy for monotone switching networks for 
directed connectivity if there is a polynomial p{n) such that for all n, M{In) < p{n). If not, we say that it 
is hard for monotone switching networks for directed connectivity. 

Potechin lH introduced a subclass of monotone switching networks for directed connectivity called certain- 
knowledge switching networks which are simple but nevertheless have considerable power. They are defined 
as follows: 

Definition 1.7. A knowledge set K is a directed graph with V{K) = V{G), and we represent K by the set 
of its edges. 

Given a knowledge set K, define the transitive closure K of K as follows: 

If there is no path from s to t in K, then K = {vi V2 '■ vi ^ V2, there is a path from vi to V2 in K}. 
If there is a path from s to t in K, then K is the complete directed graph on V{G). 

Each transitive closure represents an equivalence class of knowledge sets. We say Ki = K2 if Ki = K2 
and we say Ki C K2 ifKi ^ K2 cis sets. 

Definition 1.8. A certain-knowledge description of a monotone switching network for directed connectivity 
on a set of vertices V{G) is an assignment of a knowledge set K^i to each v' € V{G'). We say a certain- 
knowledge description is valid if the following conditions hold: 

1. Kgi = {} and Kt' = {s — ^ t}. 

2. If there is an edge e' with label vi — )• V2 between vertices and V2 in G', then 

Kvi, ^ U {vi V2} and K^i^ C K^i^ U {vi V2} 

We say a monotone switching network for directed connectivity is a certain-knowledge switching network if 
there is a valid certain-knowledge description of it. 

Proposition 1.9. All certain-knowledge switching networks for directed connectivity are sound. 

Proposition 1.10. The condition that Kyi^ C K,^'^ U {vi ^ ^2} and K^/^ C i^^^ U {vi —?■ V2} is equivalent 
to the condition that we can obtain K^i^ from K^/^ using only the following reversible operations on a 
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Figure 3 . In this figure, we have a certain knowledge switching network G' solving di- 
rected connectivity on V{G) = {s, t, a, 6} together with a valid certain-knowledge descrip- 
tion for it. 

knowledge set K: 

Operation 1: Add or remove vi — )• V2- 

Operation 2: /ft's — )• W4, W4 ^ I's are both in K and 7^ v^, add or remove v^, — )■ f 5. 

Operation 3:Ifs—^t is in K, add or remove any edge except s ^ t. 

If this condition is satisfied, we say we can get from Kyi^ to Kyi^ with the edge vi — > V2. 

Similarly, two knowledge sets Ki and K2 are equal if and only if we can obtain K2 from Ki using only 

operations 2 and 3. 

We define the difficulty of a set of inputs for certain knowledge switching networks in a similar way. 

Definition 1.11. Given a non-empty set of inputs I of input graphs with vertex set V{G), let G{I) be the 
size of the smallest certain-knowledge switching network for directed connectivity on V{G) which solves 
the set of inputs I. 

Definition 1.12. We say a family of sets of inputs X = {In} is easy for certain-knowledge switching networks 
if there is a polynomial p{n) such that for all n, C{In) < p{n). If not, then we say it is hard for certain 
knowledge switching networks. 

In this paper, we will often consider certain-knowledge switching networks which have a valid certain- 
knowledge description where all knowledge sets contain only edges of the form s — )• w for some v G V{G). 
Accordingly, we introduce the following definitions: 

Definition 1.13. Given a set V CI V{G)\{s, t}, let Ky be the knowledge set U^gy {s v} 

Definition 1.14. Given a set of vertices V{G) containing s,t, let G'(y(G),?7i) be the certain-knowledge 
switching network with vertices t' U {v'y : V C V{G), \ V\ < m} and all labeled edges allowed by condition 
2 of Definition \I.8\ where v'y has knowledge set Ky. Note that s' = v'^y 

Example 1.15. The certain-knowledge switching network shown in Figure 3 is G'{{s, t, a, b}, 2). 

Definition 1.16. Given a non-empty set of inputs I of input graphs with vertex set V{G), let sc{I) be the 
size of the smallest m such that G'{V{G),m) solves the set of inputs I. 

1.2. Our results. We are now ready to properly state our results. We define inputs as follows: 

Definition 1.17. Let Gq be a graph on a vertex set V{Gq) with distinguished vertices s, t and let V{G) be 
a set of vertices which also contains s and t. 

If {s,t},Vo,L,R are disjoint subsets ofV{G), V{G) = VqU LU RU {s,t}, and (j) : Vq U {s,t} 
V{Go) is a one-to-one map with 4>{s) = s and 4>{t) = t, then let G{Go,Vo, L, R, 4>) be the graph with 
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s^j >(w^) >ft 



Go 



L = {t;3, v^, vg, vii, V12}, R = {vi, VQ, V8, vj, ^13} 

(vb) (v2^ (vqJ) 
(l):VQ^V{Go)\{s,t}\ I I 



wij (W2J [WSJ [W4j 
V{Go)\{s, t} = {wi,W2,W3,W4} 




G{Go,Vo,L,R 



Figure 4. In this figure, we liave the input graph of the form G{Go, Vq, L, R, cf)) for the 
given Go, Vb,L,i?,0 



V{G{Go, Vo,L, R, (P)) = V{G) and 

E{G{Go, Vo,L,R,(l))) = {s ^ V : V e L}U {v ^ t : V e R}U {v ^ w: {^{v) , (piw)) e E{Go)} 

In Section [2l we prove the following result, which shows that even for certain-knowledge switching net- 
works, edges of the form s — )• f G L can make the input easier to solve. 

Theorem 1.18. If Gq = P is a path of length k + Ifrom s to t where k is a constant and ifV{G) is a set of 
vertices of size N containing s, t, then letting I be the set of inputs of the form G{P, Vq, L, 0, (p), C{I) is at 
most 0{N Ig A^) (where the constants depend on k). 

However, the idea used in the proof does not work if the inputs have both edges of the form s ^ v,v £ L 
and edges of the form v ^ t,v £ R. In Section [3l we use Fourier analysis to describe more sophisticated 
techniques which can use edges of the form s ^ v,v £ L and edges of the form v ^ t,v £ R with equal 
effectiveness. Using these techniques, we prove the following result: 

Theorem 1.19. Iflo = Uj{Goi} is a set of input graphs with vertex set V{Gq), all of which contain a path 
from s to t, then given a set of vertices V{G) containing s,t, letting k = \V{Go) — 2\, N = \V{G)\, and 
m = sc{Iq), if we let I be the set of all inputs of the form G{Goi, Vq, L, R, (p), then 
M{I) < 2(5™+3)A;(3'"+2)iv3lgAr 

Finally, in Section IH we show the following lower bound on certain knowledge switching networks: 

Theorem 1.20. IfGo = P is a path of length k + lfrom s to t, V{G) is a set of vertices of size N containing 
s, t, and N > Wk'^, then letting I be the set of inputs of the form G{P, Vq, L, R, (/)) and letting 

m = l+[lgk\, > i(2^(^4^r. 

We then compare Theorems 11.191 and 1 1 .201 and show the following corollary: 



Corollary 1.21. There is a family of sets of inputs X such that X is hard for certain-knowledge switching 
networks but X is easy for monotone switching networks for directed connectivity. 

In other words, monotone switching networks for directed connectivity are strictly more powerful than 
certain knowledge switching networks. 

1.3. Notation and conventions. In this paper, we follow the notation and conventions of Potechin Pl. 
Throughout the paper, we use lower case letters (i.e. a, e, /) to denote vertices, edges, and functions, and 
we use upper case letters (i.e. G, V, E) to denote graphs and sets of vertices and edges. We use unprimed 
symbols to denote vertices, edges, etc. in the directed graph G, and we use primed symbols to denote ver- 
tices, edges, etc. in the switching network G' . 

In this paper, we do not allow graphs to have loops or multiple edges from one vertex to another. When a 
graph has loops or multiple edges from one vertex to another we use the term multi-graph instead. We take 
all paths to be simple (i.e. we do not allow paths to have repeated vertices or edges). 



2. An easy set of inputs 

It may seem that edges of the form s ^ or w — > t for vertices v which are not on the path from s to t 
are irrelevant and should not make it easier for monotone switching networks to solve the input. However, 
as we will show, this is not the case. In this section, we prove Theorem 11.181 showing that such edges can 
in fact be useful even for certain-knowledge switching networks. We recall the statement of Theorem 1 1.1 81 
below. 

Theorem 11.181 If Gq = P is a path of length k + Ifrom s to t where k is a constant and ifV{G) is a set of 
vertices of size N containing s, t, then letting I be the set of inputs of the form G{P, Vq, L, 0, (p), G{I) is at 
most 0{N Ig N) (where the constants depend on k). 

Proof. The case = is trivial, so we assume that k >1. 

Consider the following procedure for building a certain knowledge switching network G": 

1. Choose an ordering fi, • • • , vn-2 of the vertices V{G)\{s, t} 

2. For each i e [1, — 2], let Vi = U^-^^fj and add a vertex with knowledge set Ky^ to G' . We take 
Vo = {} and Ky^ = {}, so s' is the vertex in G' with vertex set Ky^. 

3. Add all edges allowed by condition 2 of Definition 1 1.8 1 to G'. 

Clearly, any such G' is sound. We will now show that on average such a G' solves a constant fraction of the 
possible inputs G(P, Vq, L, 0, (/>) 

Proposition 2.1. Letwi, ■ ■ ■ ,Wkbe the vertices V{P)\{s, t}. Given an input graph of the form G{P, Vq, L, 0, cp), 
let ij be the index such that (p{vi . ) = Wj. 

Ifii < «2 < • • • < ^fc then the switching network G' accepts the input G{P, Vq, L, 0, (p). 

Proof. Note that for any i G [1, A^ — 2] we can move from Kv^_-^ to using the edge s ^ Vi unless 
i = ij for some j > 1. However, if ij^i < ij then Vi^_-^ G Vi-i so we can move from Kvi_i to Ky^ 
using the edge Vij_i — Vi-. We just need to check that we can get from i^VAr_2 to K = {s ^ t} using 
an edge in G{P, Vq,L, 0, (p). However, this is clear, as G{P, Vq, L, 0, (p) contains an edge v ^ t foi some 
V G Vn-2 = V{G)\{s, t} so we can use the edge w — )• t to get from to K = {s ^ t}. □ 

Thus, such a G' accepts any given G{P, Vq, L, 0, (p) with probabihty at least ^. Now note that instead of 
using this construction only once, we can use it repeatedly, adding the new vertices to G' each time. Each 
time we use this construction and add the new vertices to G', on average G' will accept at least ^ of the 
inputs G{P, Vq, L, 0, <p) that it did not accept before. By the probabilistic method, there is always a choice 
for the ordering fi, • • • ,vn-2 of the vertices V{G)\{s,t} which will make G' accept at least ^ of the 
inputs G{P, Vq, L, 0, (p) that it did not accept before. There are less then A^^ distinct inputs of the form 
G{P,Vo, L,$,(p), so we can create a certain-knowledge switching network accepting all such inputs by 
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repeating this construction at most 1 + logQ_j_-,_i (A^'^) = 1 + A;lg A^logQ_j_wi 2 < 2{kl)klgN times, 

^ fc! ' ^ fc! ' 

giving a G' of size at most 2N{k\)k Ig N . □ 

Remark 2.2. From the proof of Theorem 1.3 of Potechin f4\, any certain-knowledge switching network 
which accepts all paths of length k + 1 must have size at least r2(A^Lig'=J+i)_ By Corollary 5.22 and Theorem 

6.1 of Potechin [4|, any sound monotone switching network for directed connectivity which accepts all paths 

[ig fcj +1 

of length k + 1 must have size at least Q{N 2 ). Thus, the edges {s ^ v : v £ L} make it much easier 
for both certain-knowledge switching networks and monotone switching networks for directed connectivity 
to solve these inputs. 

3. An upper bound for monotone switching networks for directed connectivity 

We have just shown that certain-knowledge switching networks can effectively use edges of the form {s 
V : V £ L}. However, it seems much harder for a certain-knowledge switching network to use both edges 
of the form {s ^ v : v £ L} and edges of the form {v ^ t : v £ R}, and we will show in Section |4] 
that this is indeed the case. In this section, we show that surprisingly, a monotone switching networks for 
directed connectivity can effectively use both edges of the form {s ^ v : v £ L} and edges of the form 
{f — )■ t : u € R}. We will use the viewpoint of Potechin |4| of looking at everything in terms of possible 
cuts of the input graph G. Accordingly, we recall the following definitions and facts from Potechin |4 |. 

Definition 3.1. We define an s-t cut (below we use cut for short) ofG to be a partition ofV{G) into subsets 
L{C), R{C) such that s € L(G) and t € R{C). We say an edge vi — )■ V2 crosses C if vi € L(G) and 
V2 G R{G). Let C denote the set of all cuts G. \C\ = 2^"^, where N = \V{G)\. 

Definition 3.2. Given two functions f,g:C^R,we define f ■ g = 2^"^ X^ceC fi^)9i^) 

Definition 3.3. Given a set of vertices V C V (G) that does not include s or t, define ey (C) = (— 

Proposition 3.4. The set {ey, V C V[G), s,t ^ V} is an orthonormal basis for the space of functions from 
CtoR. 

Potechin f^^ took a given monotone switching network for directed connectivity and used Fourier analysis 
to analyze it. Here, we will use suitably defined functions from C to M to create our switching network. 

Definition 3.5. Given a set of functions H = {hs' , h^i^ ,h^' ^ ,ht'} from C to M where hgi (C) = 
— 1 for all cuts G and ht'{G) = 1 for all cuts G, define the switching network G'{H) to have vertices 
V{G'{H)) = {s',t',v[,--- ,^^,„2}- 

For each vertex v' G V{G'{H)) we define v' :€ -^Rto be v'{G) = h^> (C). 

For each pair of vertices v' ,w' in G'{H) and each possible edge e between two vertices ofG, create an edge 
e' with label e between v' and w' if and only ifv'{G) = w'{G)for all cuts G which are not crossed by e. 

Proposition 3.6. Any monotone switching network for directed connectivity constructed in this way is sound. 

Proof. Assume we have a path from s' to t' in G'{H) using only the edges of some input graph G. Since 
for each cut C, t'{G) = 1 and s'(C) = —1, there must be some edge e' in this path with endpoints v' , w' 
such that w'{G) / v'{G). But then by definition, if e is the label of e' then e must cross the cut G. Thus, 
for all cuts C, E{G) contains an edge e crossing G so there must be a path from s to t in G. □ 

Definition 3.7. Let H be a set of functions from C to M. If f,g G H, we say that we can go from f to g 
with the edge e if [g — f){G) = Ofor all cuts G which are not crossed by e. We say that we can reach g 
from f using the set of edges E if there is a sequence of functions Hq, - ■ ■ , h^from C to M such that Hq = f, 
hk = g, and for all ihi £ H and we can get from hi to /ij+i with some edge e (z E. 

Proposition 3.8. IfH is a set of functions from C to M containing the functions hs' = and hf = 
and if f,g G H, then let v'^^v'^ be the vertices corresponding to /, g in G'{H). We can go from f to g with 
the edge e if and only if there is an edge in G'{H) with label e between v'^ and V2. Similarly, we can reach 
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gfrom f using the set of edges E if and only if there is a path from v'l to v'2 in G'{H) which uses only the 
edges in E. 

It is useful to know when we can go from one function / to another function g with a given edge e. We 
answer this question with the following proposition. 

Proposition 3.9. Let h be a function /i : C ^ M. Let vi,V2 be vertices ofG which are not s or t. 

L h{C) = 0/or all cuts C which cannot be crossed by the edge s — >■ f 1 if and only ifh has the form 

YjV<^V{G)\{s,tM cv(ey + e(yu{i,i})) 

2. h{C) = Ofor all cuts C which cannot be crossed by the edge vi ^ t if and only ifh has the form 

T.vcv{G)\{s,t,vi} cv(ey - e(vu{vi})) 

3. h{C) = Ofor all cuts C which cannot be crossed by the edge vi — > V2 if and only ifh has the form 

J2vcviG)\{s,t,vuv2} cv(ey - e(^vu{vi}) + e(vu{v2}) - e{vu{vuV2})) 

Proof. We prove claim 1 as follows. Let Cred be the set of possible cuts Cred of V{G)\{vi}. Given 
a function /i : C ^ M, we define the function hred '■ Cred — > M to be hred{Cred) = h{C) where 
L(C) = L{Cred) U {vi} and R{C) = R{Cred). 

Writing h = Y.VQV(G)\{s,t,v^} («vey + bye^vvjivi})), we have that hred = T.VQV{G)\{s,t,v^} ("v - bv)ev 
h{C) = for all cuts which cannot be crossed by the edge s ^ if and only if hred = 0, which is true if 
and only if ay = by for all V C V{G)\{s, t, vi}, which is true if and only h has the given form, and this 
completes the proof. 

Claim 2 can be proved in a similar way. To prove claim 3, note that h{G) = for all cuts G which cannot 
be crossed by the edge vi f 2 if and only if h{C) = for all cuts C which cannot be crossed by the edge 
s ^ V2 and h{G) = for all cuts C which cannot be crossed by the edge vi — )• t. Using claims 1 and 2, it 
is easily verified that this is true if and only if h has the given form. □ 

3.1. Steps in the Fourier basis. In this subsection, we give examples of what monotone switching net- 
works for directed connectivity can do with the edges s ^ v,v G L and v ^ t,v £ R. We begin with the 
following simple construction, which illustrates that it is relatively easy to use these edges to move around 
in the Fourier basis. 

Proposition 3.10. Let V = {vi, ■ ■ ■ ,Vm} be a non-empty set of vertices with V C V{G)\{s,t} and let 
Vi = {vi,--- ,Vi}. If H is a set of functions containg h'g, = —e^y and all of the functions {zizevi,i € [l,m]} 
and we have a set of edges E such that for all i, s ^ Vi (z E or Vi ^ t £ E, then we can reach either ey^ 
or —ey^from —e^y using the set of edges E. 

Proof. We prove this result by induction. The base case m = 1 is trivial. Assume that we can reach either 
ey. or —ey- from — Cj} using the set of edges E. By assumption, E contains either the edge s — )■ fj+i or 
the edge Vi+i — )• i. If contains the edge e = s — )• f j+i then by Proposition 13.91 we can go from ey. to 
~^Vi+i with the edge e and we can go from —ey- to ey._^-^ with the edge e, so the result follows. Similarly, 
if E contains the edge e = fj+i — > t then by Proposition 13.91 we can go from ey. to ey.^^ with the edge e 
and we can go from ey. to ev-^^ with the edge e, so the result follows. □ 

We now give several more complicated examples of what monotone switching networks for directed connec- 
tivity can do with the edges s — > f , w G L and v ^ t,v £ R. These examples are motivated by the following 
idea. Potechin H associates each knowledge set K with the function K : C ^M. where K{G) = 1 if there 
is an edge e £ K crossing G and otherwise. In particular. 

The idea is to mimic these functions with the vertices of V replaced by subsets of vertices. 
For the rest of this subsection, we will use the following setup: 

Let s,t,vi, - ■ ■ , vn-2 be the vertices of V{G), let Vi, V2, ■ ■ ■ , V/c be disjoint subsets of V{G)\{s, t}, and 
let / be a non-empty subset of [1, A;]. Assume that for each i £ I we have a distinguished vertex v* G Vi. 
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Let {L,R) be a partition of the vertices of (Ujg/Vi)\{s, t}\(Ujg/{u*}) and assume that we have a set of 
functions H from C to E which contains the functions hs' = — e{}, hf = e^y and a set of edges E which 
contains all of the edges s ^ v,v £ L and v ^ t,v £ R. 

Definition 3.11. Given a subset V C V{G), define 9{V) = For all i, define ViQ = {v*} and 

define Vin = {<} U {V^ n {yJi<n{vi})) 

Lemma 3.12. Let j be an element of I and take Ired = V ^ contains the edge s ^ v* and 

H contains the function / = 2^^'^^^'^'^^'^ Ylijai (IlieJ ^(^«))^(Ui6jV^i)' function g = 

e|} - 2(1-1^1) Ejc/ (-l)'^'(n^Gj^(^«))e(u.,,K)' andtll fiinctions 

hn = eo - 2(1-1^1) Ejc/.., (-1)1^1 (n^eJ^(^0)(e{u.,,y.) - ^(^.n)e((u,,,K)uvs„)), ^ € [0,N- 2], 
then we can reach gfrom f using the edges of E. 

Proof ho-f = 2(1-1^1) Ejc/,,, (-1)'^' (n.ej ^(V^))(e(u,,,v^,) + e((u.,,y.)u{.;})), so by Proposition El 
we can get from / to /iq with the edge s ^ v*. 
If n G [0,iV-3],then 

Using Proposition 13.91 it is easily verified that we can get from /i„ to hn+i with an edge e € -E where 
e = s — > Vn+i if Vn+i £ LnVj, e = Vn+i ^ t if Vn+i £ Rr\Vj, and e is arbitrary otherwise (as in this 
case hn+i = hn). 

Now note that g = hN-2, so we can reach g from / using the edges of E, as needed. □ 
Lemma 3.13. Let I be an element of I and let Ij-^d = /\{/}. IfE contains the edge v* t and H contains 
the function g = e^y — 2^^^^^^^ J2jci ("I)'"'' (IlieJ ^(^))^(Uigjl/i) and all functions 
hn = e„ - 2(1-1^1) Ejc/.., (-1)1^1 (aej^(^0)(e(u.,,y.) - 0{Vin)e^^^^,,v.)uv,„)),n e [0,iV - 2], 
then we can reach e^from g using the edges of E. 

Proof e{| - /io = 2(1^1^1) Ejc/,,, (-l)'"^' (Il^eJ " e((u,ejV.)uK}))> so by Proposition 

I3.9| we can get from /iq to e|} with the edge t. 

The functions hn are the same as before, so for all n € [0, — 3] we can get from hn+i to /i„ with an edge 
in E. Now note that g = /iAr_2, so we can reach e^y from g using the edges of E, as needed. □ 

Lemma 3.14. Let j be an element of I and take Ired = ¥ ^ contains the edge v* for some 

I € Ired and H contains the function ! = 2(^~l'^'-'^<'l) Ejc/ (HiGJ ^(^))^(u,gjVi)' 

function g = e^y - 2(^-1^1) Ejc/ (-1)''^' (IlieJ ^(^»))e{u.e.jK> all functions 

an = f- 2(1-1^1) Ejci^,,\{i} i-^)^'KU^^JOiVi)){bn). n G [0, iV - 2], where 

K = (e{u.e.jy.) - 6'(Vz„)e((u,gjVA)uyi„) +e((u,g.jy,)u{i>*}) - 6'(V'z„)e((u,gjy,)uy,„u{i>*})). 
and all functions 

hn = e{y - 2(1-1^1) Ejcir., (-1)1^1 (n,,ej^(V^))(e(u.,,y,) - ^(VSn)e((u,,,y,)uvs„)), n S [0,iV _ 2], 
then we can reach gfrom f using the edges of E. 

Proof ao-f = 2(1-1^1) Ejcir^,\{i} (-l)'^' (R.e j ^(^.))(&o) where 

^0 = (e(u.6jy.) - e((u,gjK)u{^r}) + Hi^^^jV.Mv;}) - e{(u,e^v,)u{^f }u{^*}))> so by Proposition ED we can 
get from / to with the edge vf — )• Vj . 
lfne[0,N- 3], then 

an+i -an = 2(1-1^1) Zjcir^, (-l)''"(n.ej Om{br, - bn+i) where 

6„ - bn+i = {0{Vi(^n+i))e{{u,^jV,)uVi(„+i^) - ^(^n)e((u,g,,iA)uvi„) + ^(^(n+i))e({u,6jy,)uvi(„+i)U^*}) - 
6'(Vi„)e((u,gjV0uyi„u{.;;})) 

Using Proposition 13.91 it is easily verified that we can get from a„ to On+i with an edge e G E where 
e = s — > Vn+i if Vn+i £ L nVj, e = Vn+i ^ t if fn+i G i? n T^-, and e is arbitrary otherwise (as in this 
case a„+i = a„). 
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The functions hn are the same as before, so for all n G [0, — 3] we can get from /i„ to hn+i with an 
edge in E. Now note that a7v-2 = and g = hN^2, so we can reach g from / using the edges of E, as 
needed. □ 

3.2. The construction. We are now ready to construct our monotone switching network and prove Theo- 
rem |1.19l We recall the statement of Theorem |1.19| below. 

Theorem 11.191 If Iq = Ui{Goi} is a set of input graphs with vertex set V{Gq), all of which contain a path 
from s to t, then given a set of vertices V{G) containing s,t, letting k = \V{Go) — 2|, = and 
m = sc(/o), if we let I be the set of all inputs of the form G{Goi, Vo,L, R, cp), then 
M{I) < 2(5™+3)A;(3'"+2)iV3lgAr 

Proof. Let7;i,--- , WAr_2 be the vertices of y(G)\{s, i} and let uJi, •• • , be the vertices of y(Go)\{s, t}. 
We will use Lemmas l3. 12[ 13. 13l and 13. 141 as follows: 

Let Q = {Qr} be a set of partitions of V{G)\{s, t} into k parts, i.e. each Qr is of the form (Vi, • • • , V^) 
where all of the Vi are disjoint and U^^-^Vi = V{G)\{s, t}. 

Assume that we have an input graph of the form G = G{Goi, Vq, L, R, </>). Recall that {Vq, L, R, {s, t}) is 
a partition of V{G), |VoI = k, and </) : Vq — )• V{Go) is a one-to-one map. Let v* = <j)~'^{wi). 
For a non-empty subset / of [1, k] of size at most m, if there is an r such that writing Qj. = (Vi, • • • , V^) 
we have that Vi G /, n Vq = {^1}' then this gives the setup required to use Lemmas [3. 12[ 13. 13l and l3.14l 
Think of the function / = e{} - 2^^-\^-^'i\'> T^jci^^^ (-1)'"^' (IliGJ ^(^i))e(u,6jy,) as though it were the 
knowledge set K(u^g,_^^^^) and think of the function g = e{} -2(^-1^1 ) Ej c/C- l)'"^' (Hie J ^i^))H^^eJV^) 
as though it was the knowledge set K^^^.^^y^^y Lemmas 13. 12[ 13. 13l and 13. 141 show us how to mimic the 
certain-knowledge swiching network G'{V{Go),m) defined in Definition 11.141 using only the edges in 
E{G). 

However, as we go from one / C [1, A;] to another, we may need to switch from one partition Qr to another. 
We show that this can be done with the following lemma: 

Lemma 3.15. Let{Ui,--- ,Uk) and {Vi,- ■ ■ ,Vk) be two partitions of V{G)\{s,t} and define 

Win = (Vi n iui<n{vi})) u {Ui n {Ui>n{vi})). 

If we have a subset I such that ^/i G I ,Vo OUi = Vq CiVi = {v*}, then if H contains the function 

gi = e|} - 2(1-1^1) Ejc/ (-l)l-'l(aej^(f^^))e(u.,.l/0' the function 

92 = e{} - 2(^"l^l) (-l)''^'(nieJ^(^j))^(Ui6jVi). and all functions of the form 

hn = e{} - 2(^"l^l) X^jc/ (-l)''''(nieJ^(^*'i))s(UGjVK,„). n e [0, - 3], then we can reach g2from gi 

using only the edges of E{G). 

Proof Forn € [0,iV - 3], 

hn+i -K = 2(1-1/1) Y^j^^ (-l)l^l((n.eJ^(Wm))e(u.,,H/,„) - (n.ej^(^^{n+i)))e(u.,,w,(„+,))) 

Letting Wj,n = Ui^jWin, K+i - hn = 2(1-1^1) Ejc/ (-l)'-''(^(W^J,n)eiy,,„ - 0{Wj^^n+i))eWj^(r.+.)) 
If Wj^{n+i) = Wj^n for all J C / then hn+i = hn so we can trivially get from /i„ to hn+i- If Wj^(n+i) 
Wj,n for some J C / then Vn+i G L U and either VFj,(„+i) = TVj,n U {vn+i] or Wj^n = ^j,(n+i) U 
{vn+i}- Using Proposition 13.91 it is easily verified that we can get from /i„ to /in+i with the edge s — ?• Vn+i 
if Vn+i € L and we can get from /i„ to hn+i with the edge Vn+i — )• t if fn+i £ ^■ 

gi = ho and g2 = hN-2, so it follows that we can reach g2 from gi using only the edges of E{G), as 
needed. □ 

We will now construct our set H of functions. Note that there are at most k"^ non-empty subsets / of [1, k] 
of size at most m and recall that Q = {Qr} is a set of partitions of V{G)\{s,t} into k parts. We will 
take all functions required by Lemmas 13.121 13.131 13.141 and 13.151 for all possible input graphs of the form 

G{Go^,Vo,L,R,cP). 

We begin by taking all functions of the form e|| - 2^^-^^ Y.jci ("l)'-^' (IlieJ ^(^*))e(u.ejy.) 
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These functions depend only on the partition Qr = {Vi, ■ ■ ■ ,Vk), the subset / C [l,k], and the values 
0{Vi), i £ I. Thus, we have at most \Q\{k"^){2"^) such functions. 
We then take all functions of the form 

hn = - 2(1-1^1) Ejc/.., (-1)1^1 (n,,ej^(^0)(e(u.,.y.) - 0{V,n)eau.,jV.)uv,^)),n G [0,N- 2] 
as required by Lemma [3.12[ Lemma |3.13[ and Lemma |3.14| Recall that Vjn = {Vj}L} {Vj R {Ui<n{vi})), so 
these functions depend only on the partition Qr = {Vi, • • • , Vk), the subset / C [1, k], the values 6{Vi),i G 
Ired, the vertex v* G Vj, the value 9{Vjn), and the value of n. Thus, we have at most \Q\{k'^){2"^){N'^) 
such functions. 

Similarly, we take all functions of the form 

an = f- 2(1-1^1) Ejci^^Mi} (-l)''"(n^ej^(^.))(ftn)> ne[0,N- 2], where 

/ = e{} - 2(1-1^^-1) Ejc/.., (-1)1^1 (a^J m))eiu.,jV.) and 

bn = (e{u.6jy,) - ^(^rOe((u,gjV',)uv^„) +e((u,6,jV,)u{t;*}) - ^iyln)e((u,eJV^)uVl^u{v*})) 

as required by Lemma [3.141 These functions depend only on the partition Qr = (Vi, • • • , 14), the subset 

I ^ [li k], the values 6{Vi),i € /re(i> the vertices £ Vi,v* G V^-, the value 6'(V/„), and the value of n. 

Thus, we have at most \Q\{k"'){2'^){N^) such functions. 

Finally, we take all functions of the form e^} - 2(i-l^l) Y.jci ("l)'-^' j ^(^*n))e(u,,,iy.„) 

as required by Lemma 13.151 These functions depend only on the partitions = {Ui, - ■ ■ ,Uk), Qr2 = 

(^1, ■ ■ • , Vfc), the value of n, and the values 9{Win),i G /. Thus, we have at most [(5p(A;™)(2™)iV such 

functions. 

In total, we have at most \Q\^{k'^){2"')N + 2|Q|(/c™)(2™)(7V3) functions. 

Lemma 3.16. If for every choice of the vertices vf, - ■ ■ , G V{G)\{s, t} and for all subsets I C [1, k] 
of size at most m there is an r such that writing Qr = (Vi, ■ ■ ■ ,Vk) we have that \/i G I,Vi CiVo = 
{v*}, then for the set of functions H described above, G'{H) accepts all input graphs of the form G = 

G{GQ^,Vo,L,R,<i)). 

Proof. Let G = G{Goi, Vq, L, R, (p) be an input graph and take v* = 4>^^{wi). Since /q = Ui{Goi} and 
sc(Io) = m, the certain-knowledge switching network G' {V{GQ),m) described in Definition 11.141 accepts 
the input graph Go,, i.e. there is a path P' from s' to t' in G'(l/(Go),m) using only the edges of Goj. 
We will show that we can follow each step of the certain-knowledge switching network G' {V{GQ),m) in 
G'{H). 

Assume that we are currently at the vertex with knowledge set i^ittj^iie/} in G' {V{GQ),m) and we are at a 
corresponding vertex in G'{H) with function 

e{} - 2(1-1^1) Ejc/ (-l)'^'(aej ^(^i))e(u.,,F.) where (Fi, • • • , Vk) = Qr for some r and 
yi€l,VinVo = {v*}. 

The knowledge-set of the next vertex on P' has one of the following three forms: 

1. K^y;..i(zi\j^jjj where j ^ I, \I U {j}\ < m, and either E{Gio) contains the edge wi — ?> wj for some 
/ G / or E{Gio) contains the edge s wj, which implies that E{G) either contains the edge vf — )• v* for 
some / G / or E{Gio) contains the edge s v*. In this case, by assumption there is an r2 such that writing 
Qr2 = (Ui,-- - , Uk) we have that Vi G / U {j}, C/, n Vq = We can use Lemma [3TT5] to 

reach e||-2(iH^I) Ejc/ (-l)'"' (H.e J ^(t^O)e(u.,.f/.) from e|| -2(i-|/|) ^^^^ (n,^^ 0(F,))e(u.,,v.) 

and then we can use either Lemma l3. 12l or l3. 14l to reach Cj} — 2(^^l^l) jc/u{i} ("l)'"^' (Elie J ^(^«))c(u,6jC/i) 
from - 2(^-1^1) Ejc/ (-1)1"! (n,6j ^(t/.))e(u.,.c/.) 

2. K{w^:i&i\{j}} where j G /, |/| < m, and either E{Gio) contains the edge wi — ?> wj for some / G / or 
E{Gio) contains the edge s — )• wj, which implies that E{G) either contains the edge Vi Vj for some 
/ G / or E{Gio) contains the edge s — )• v*. In this case, we can use either Lemma [3. 12l or [3TT4] to reach 
e^y-2('-W) ^^^^^^^.^ (n,^^ eme^u.,jV.) from e|}-2(i-l^l) Ejc/ (-l)'"' (D.eJ ^(^0)e(u.,,v^,) 

3. i^t'- Here |/| < m and E{Gio) contains the edge wi ^ t for some / G /, which implies that E{G) 
contains the edge Vi t for some I £ I. In this case, we can use Lemma 13.131 to reach from 
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Thus, we can follow each step of the certain-knowledge switching network G' {V{Go),m) in G'{H) using 
only the edges of E{G). In G'{V{GQ),in), we started at s' and ended at t' , so there must be a path from s' 
to t' in G'{H) using only the edges in E{G). □ 

Thus, we just need to ensure that for each non-empty subset I of [1, k] of size at most m, there is an r such 
that writing Qr = (Vi, • • • , V^) we have that Vi G /, n Vq = {v*}. If we are given v\, - ■ ■ ,vl. and a 
subset / C [1, k] of size at most m, then if we pick assign each v € V{G)\{s, t} to Vi with probability i 
and look at the resulting partition (Vi, ■ ■ ■ , V^), the probability that Vi € /, 14 n Vq = {v*} is 
^_|/|(A^^fc_|,| ^ > ^-m(fc^)fe ^ A:-'"((^)2lj)2- > = ^ 

There are at most choices for v^, - ■ ■ , u ^ and k"^ choices for /, so by the probabilistic method we 
can choose at most 1 + log(i i_)-i{iN''){k"')) < (4A;)'" Ig ((iV^)(fc'")) < 2/^(4/^)™ IgiV distinct 

and guarantee that for each non-empty subset / of [1, A;] of size at most m, there is an r such that writing 
Qj. = (Vi,--- , Vfc) we have that Vi G /, n Vq = {v*}. Plugging \Q\ = 2k{Ak)'^ Ig N into our expression 
for the number of functions H must contain, we find that 

\V{G'{H))\ = \H\ < [Q|2(A:™)(2™)7V + 2|Q|(A:'")(2™)(7V3) < 

2i5m+2) f^(3rri+2) jy ^Yg N)'^ _(_ 2(3m+2) ^{2m+l) ^3jg ^ < 2(5™+3) ^(3^+2) ^yS^g ^ □ 

Remark 3.17. This construction can be improved to obtain an 0{N'^ lg-/V) upper bound. The best lower 
bound we have for monotone switching networks solving these inputs is Q(N'^). 

4. Lower bounds for certain knowledge switching networks 

In this section, we prove a lower bound on certain-knowledge switching networks and deduce that monotone 
switching networks for directed connectivity are strictly more powerful than certain-knowledge switching 
networks. 

Theorem ll.201 I/Gq = P is a path of length k + lfrom s to t, V{G) is a set of vertices of size N containing 
s, t, and N > lOfc^, then letting I be the set of inputs of the form G{P, Vq, L, R, 0) and letting 
m = l+[lgk\, g(/)>^( 2fe(,+£(,;v)) r- 

Proof. Consider which knowledge sets can be useful for accepting a particular input graph G{P, Vq, L, R, (j)). 
We can ignore operation 3 of Proposition 11.101 as if we are ever in a position to use that operation, we can 
go immediately to t' instead. Given an input graph G{P, Vq, L, R, (p), if we only use operations 1 and 2 of 
Proposition II. lOl then we can only obtain edges of the form v,w, v ^ {s} UVo,w^ {t} U Vq, of the form 
s — )■ f , u G L, or of the form v ^ t,v £ R. 

By Lemma 3.17 of Potechin [4], any path in a certain-knowledge switching network from s' to t' using only 
the edges of G{P, Vq, L, i?, (p) must pass through at least one vertex a' such that the union of the endpoints 
of the edges in Ka' contains at least m of the vertices in Vq. 

Definition 4.1. Call a knowledge set K useful for the input graph G{P, Vq,L,R, (p) ifK only contains edges 
of the form v,w, v € {s} UVq, w (z {t} U Vq, of the form s ^ v,v L, or of the form v ^ t,v £ R, the 
union of the endpoints of the edges in K contains at least m of the vertices in Vq, and K ^ Kf = {s — )• t} 

Proposition 4.2. If a certain-knowledge switching network G' accepts all inputs of the form G{P, Vq,L,R, (p) 
then for each such input graph G = G{P, Vq,L,R, (p), G' contains at least one vertex v' whose knowledge 
set K is useful for G. 



Lemma 4.3. For any knowledge set K, if we choose a random input graph of the form G = G{P, VQ,L,R,(f)) 
then the probability that K is useful for G is at most 2(^MM^|i^iiXiiy'"_ 

Proof. Let V be the union of the endpoints of the edges of K. If |F\{s,t}| > A; + mlgA^, then for any 
input graph G = G{P, Vq,L, R, <p), V contains at least m Ig vertices inLVJ R. K can only be useful for 
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G iiVv e L nV,s ^ V G K,v ^ t ^ K andVy £ Rr\V,s ^ V ^ K,v ^ t e K. Once Vq has been 
chosen, each other vertex v G V{G) — Vq — {s, t} is randomly put into L or R, so the probabiUty of this 
occuring is at most 2^™'s^ = N~"^. 

If [y\{s,t}| < k + mlgN, let X = \V\{s,t}\. The probability that if we choose a random input graph 
G = G{P, Vo, L, R, (f)) that we will have |Vo nV\ = yis 

x'. (N-2-x)] 

/ \ _ y\(x-yy. (k-yy.(N+y-x-k-2)\ _ x\k\ {N -2-x)\{N -2-k)\ {N -x-k-2)\ ^ , xk \v 

i^yy)— k\(N~?'k)\ ~ y\{x-y)\{k-y)\ {N-2)\{N-x-k-2)\ {N+y-x-k-2)\ - yN-x-k-2) 

N > lOfc^ and x<A; + mlgA^</i; + lg kN + 1, so it is easily verified that 

< MALtkMO) < 1 Y:y>M < Mm) < ifff^r. 

Thus the probability that K will be useful for G is at most 2( ^*'(^+j^(^'^^)) -^m^ needed. □ 
Combining Proposition 14.21 and Lemma [431 we immediately see that G{I) > ^{ 2k(k+ig{kN)) ')"^- ^ 

Corollary 11.211 There is a family of sets of inputs X such that I is hard for certain-knowledge switching 
networks but I is easy for monotone switching networks for directed connectivity. 

Proof If Jo = {P} then it follows from Lemmas 3.12 and 3.17 of Potechin f?] that sc(/o) = Llg(^)J + 1- 
Bv Theorem [rT9l M{I) < 2(^(^s. k+i)+3) f.i3iig k+i)+2) j^Si^ < 28/^(3 igfc+io^s^g ^ 

Taking k to be 2®^^'^^)^ M{I) is polynomial in N but G{I) is superpolynomial in N. □ 

5. Conclusion 

In this paper, we have shown that the type of input described in Definition 11.171 is easy for a monotone 
switching network to solve but difficult for a certain-knowledge switching network to solve. Although this 
result does not give any direct progress towards the goal of first proving stronger lower bounds on monotone 
switching networks for directed connectivity and then extending them to the non-monotone case, we believe 
that this result and the ideas used to prove it are nevertheless very valuable. First of all, a major obstacle 
in proving lower bounds in complexity theory is the difficulty of ruling out "weird" algorithms or circuits. 
This result shows that for monotone switching networks for directed connectivity, this difficulty is necessary, 
as there are some inputs for which the simple and intuitive certain-knowledge switching networks are not 
optimal. Second, Fourier analysis played a key role in constructing a small monotone switching network 
solving the type of input described in Definition 11.171 This gives further evidence that the Fourier analysis 
approach introduced in Potechin lH is the most fruitful way to analyze monotone switching networks for 
directed connectivity. Finally, this result gives insight into what monotone switching networks for directed 
connectivity can and cannot do. If we prove stronger lower bounds as well, this result may allow us to find 
large classes of inputs for which we can determine almost exactly how hard a given input is for a monotone 
switching network for directed connectivity to solve. 
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